We discuss various aspects of the representation theory of the local nets of von Neumann algebras on the circle associated with positive energy representations of the Virasoro algebra (Virasoro nets). In particular we classify the local extensions of the c = 1 Virasoro net for which the restriction of the vacuum representation to the Virasoro subnet is a direct sum of irreducible subrepresentations with finite statistical dimension (local extensions of compact type). Moreover we prove that if the central charge c is in a certain subset of (1, ∞), including [2, ∞), and h ≥ (c − 1)/24, the irreducible representation with lowest weight h of the corresponding Virasoro net has infinite statistical dimension. As a consequence we show that if the central charge c is in the above set and satisfies c ≤ 25 then the corresponding Virasoro net has no proper local extensions of compact type.
Introduction
The idea that the formulation of relativistic quantum physics in terms of local nets of von Neumann algebras (see e.g. [27] ) provides a natural framework for the classification of two-dimensional conformal field theories was already present in the late eighties in the work of Buchholz, Mack and Todorov [3] . As an illustration of this idea these authors classified the local conformal nets over S 1 (compactified light ray) whose common "germ" is the U(1) chiral current algebra, namely the local nets extending the one generated by a U(1) current. In the same paper they suggested the more general (and ambitious) classification program of conformal field theories S 1 whose "germ" is the Virasoro algebra Vir. In other words, they proposed to classify the local extensions of the Virasoro nets, i.e. the local nets of von Neumann algebras on S 1 which are generated by the positive energy unitary irreducible representations with lowest weight 0 (vacuum representations) of Vir or equivalently (see [45] ) by a chiral energy-momentum tensor T (z), cf. [5] . Since the equivalence class of a Virasoro net is completely determined by the value of the central charge c in the corresponding representation of Vir, one has to classify the local extensions of a family of nets labelled by a positive real number c and this is a clearly well defined problem which in fact turns out to be equivalent to the one of classifying diffeomorphism covariant nets on the circle.
In a recent remarkable paper [33] Kawahigashi and Longo have been able to solve the above problem for all the Virasoro nets with c < 1 and subsequently they used this result to classify all local conformal nets on the two-dimensional Minkowski space-time, having parity symmetry and central charge less then 1 [34] . The extension of their results in the c ≥ 1 region appears to be a very important and difficult challenge.
In the transition from c < 1 to c ≥ 1 two drastic differences are immediately evident. The first is that the Virasoro nets with c ≥ 1 are all known to be non-rational. The second is that they are all expected to have irreducible sectors with infinite statistical dimension [49] , a fact that has been proved by the present author in the case c = 1 [8] . Rationality and the absence of irreducible sectors with infinite statistical dimension play a fundamental role in the classification of c < 1 conformal nets and hence, some of the main ideas in [33] do not apply for the remaining values of the central charge.
The purpose of this paper is give some new insight in the understanding of the representation theory of c ≥ 1 Virasoro nets and their local extensions with the above problems in mind, especially concerning the role of infinite statistical dimension. Our main results are the classification of local extensions of compact type (see Definition 3.2) for the Virasoro net with c = 1 (Theorem 3.5) 1 and the proof that if the central charge c is in a certain subset of (1, ∞) containing [2, ∞) , then the irreducible positive energy representations with lowest weight h ≥ (c − 1)/24 of the corresponding Virasoro net have infinite statistical dimension (Theorem 5.1 ), a fact that it is expected to hold for every c > 1 and h > 0 [49] . As a consequence of the latter result we show that if c ∈ [2, 25] then the corresponding Virasoro net as no proper local extensions of compact type (Theorem 5.7). As in the c = 1 case [8] , we use oscillator (Fock) representations of Vir to obtain the result on infinite statistical dimension but the argument we have found for c > 1 is more intricate and relies in part on recent results of S. Köster [38] .
Besides these main results we also provide the proof of some relevant properties of the Virasoro nets which seem to appear at most implicitly in the literature, like the fact that every irreducible positive energy representation of a Virasoro net on a separable Hilbert space comes from a representation of the Virasoro algebra (Prop. 2.1) or the fact that every local extension of a Virasoro net is diffeomorphism covariant (Prop. 3.7).
Preliminaries

Conformal nets on S 1 and diffeomorphism covariance
Let I be the set of nonempty, nondense, open intervals of the unit circle S 1 = {z ∈ C : |z| = 1}. A conformal net on S 1 is a family A = {A(I) : I ∈ I} of von Neumann algebras, acting on a infinite-dimensional separable complex Hilbert space H A , satisfying the following properties:
A(I 1 ) ⊂ A(I 2 ), if I 1 ⊂ I 2 , I 1 , I 2 ∈ I.
(ii) Locality.
(iii) Möbius covariance. There exists a strongly continuous unitary representation U of PSL(2, R) in H such that
where PSL(2, R) acts on S 1 by Möbius transformations (cf. Appendix A).
(iv) Positivity of the energy. The representation U has positive energy, namely the conformal Hamiltonian L 0 , which generates the restriction of U to the one-parameter subgroup of rotations r(ϑ), has nonnegative spectrum.
(v) Existence and uniqueness of the vacuum. There exists a unique (up to aphase) U-invariant unit vector Ω ∈ H A .
(vi) Cyclicity of the vacuum. Ω is cyclic for the algebra A(S 1 ) := I∈I A(I)
Some consequences of the axioms are [22, 25, 19] :
(vii) Reeh-Schlieder property. For every I ∈ I, Ω is cyclic and separating for A(I).
(viii) Bisognano-Wichmann property. If ∆ I is the modular operator associated to A(I) and Ω then
where Λ I is the one parameter subgroup of PSL(2, R) of special conformal transformations preserving I.
where I c denotes the interior of S 1 \I. (xii) Additivity. If S ⊂ I is a covering of the interval I then
Furthermore, it follows easily from the strong continuity of the representation U that conformal nets are continuous from outside, namely
A conformal net A is said to be split if given two intervals I 1 , I 2 ∈ I such that the closure I 1 of I 1 is contained in I 2 , there exists a type I factor N(I 1 , I 2 ) such that
If Tr(t L 0 ) < ∞ for every t ∈ (0, 1) then A is split [13, Theorem 3.2] . A is said to be strongly additive if for every I, I 1 , I 2 ∈ I with I 1 , I 2 obtained by removing a point from I we have
It is often convenient to identify S 1 /{−1} with the real line R. With this identification, the family of nonempty open bounded intervals of R corresponds to the family I 0 = {I ∈ I : −1 / ∈ I}. The restriction A 0 of a conformal net A to I 0 can be considered as a net on R. Moreover, since I 0 is directed under inclusion, one can define the quasi-local C * -algebra (still denoted A 0 ) ( I∈I 0 A(I)) −||·|| ) as C * -inductive limit of the local von Neumann algebras A(I), I ∈ I 0 .
We now briefly discuss diffeomorphism covariance. Let Diff + (S 1 ) the group of orientation preserving diffeomorphisms of the circle. It is an infinite dimensional Lie group modelled on the real topological vector space Vect(S 1 ) of smooth real vectors fields on S 1 with the usual C ∞ topology [46, Sect.6] . Its Lie algebra coincides with Vect(S 1 ) with the bracket given by the negative of the usual brackets of vector fields. Hence if g(z), f (z), z = e iϑ , are real valued functions in
In this paper we shall often identify the vector field g(e iϑ )
d dϑ ∈ Vect(S 1 ) with the corresponding real function g(z) ∈ C ∞ (S 1 ). Following [33] for every I ∈ I we shall denote by Diff(I) the subgroup of Diff + (S 1 ) whose elements are the diffeomorphisms of the circle which act as the identity on I. Note that Diff(I) does not coincide with the group of diffeomorphisms of the open interval I, as the notation might erroneously suggest.
By a strongly continuous projective unitary representation V of Diff + (S 1 ) on a Hilbert space we shall always mean a strongly continuous homomorphism of Diff + (S 1 ) into the quotient U(H)/T of the unitary group of H by the circle subgroup T. The restriction of the representation V to the Möbius subgroup of Diff + (S 1 ) always lifts to a unique strongly continuous unitary representation U of the universal covering group PSL(2, R) of PSL(2, R). We shall say that V extends U and that V is a positive energy representation if U is a positive energy representation of PSL(2, R), namely if the corresponding conformal Hamiltonian L 0 , which generates the restriction of U to the liftingr(ϑ) of the one-parameter subgroup r(ϑ) of rotations, has nonnegative spectrum. Note that although for γ ∈ Diff + (S 1 ), V (γ) is defined only up to a phase as an operator on H, expressions like V (γ)T V (γ) * for T ∈ B(H) or V (γ) ∈ M for a (complex) subspace M ⊂ B(H) are unambiguous and will be used in the following.
We shall say that a conformal net on S 1 is diffeomorphism covariant if there is a strongly continuous projective unitary representation V of Diff + (S 1 ) on H A extending U •q ( where U is the original unitary representation of PSL(2, R) making A Möbius covariant and q : PSL(2, R) → PSL(2, R) denotes the covering map) and such that, for every
Representations of conformal nets
A representation of a conformal net A is a family π = {π I : I ∈ I} where π I is a (unital) representation of A(I) on a fixed Hilbert space H π , such that
Irreducibility, direct sums and unitary equivalence of representations of a conformal net can be defined in a natural way, see [22, 25] . If H π is separable then, since the local von Neumann algebras A(I), I ∈ I, are factors, π is automatically locally normal, namely π I is normal for each I ∈ I, see [51] . Hence, π I (A(I)) is a type III 1 factor. The unitary equivalence class a representation π on a separable Hilbert space is called a sector A representation π is said to be covariant if there is a strongly continuous unitary representation U π of PSL(2, R) on H π such that
If U π can be chosen to be a positive energy representation, then π is said to be covariant with positive energy. In this case one can always choose U π to be with positive energy and inner, namely such that
and this choice is unique, see [36] and (the proof of) [1, Lemma 5.14]. Given a covariant representation π of A on a separable Hilbert space H π one has the (isomorphic) type III subfactors [29, 39, 41] is independent of I ∈ I and the statistical dimension d(π) of π is given by
A representation ρ of a conformal net A on its vacuum Hilbert space H A is said to be localized in an interval I 0 ∈ I if ρ I c 0 is the identity representation. As a consequence of Haag duality if a representation ρ is localized in I 0 and I ∈ I contains I 0 then ρ I is an endomorphism of A(I) whose index is the square of the statistical dimension of the representation ρ. Moreover, for every interval I 0 ∈ I and every representation π of A on a separable Hilbert space one can find a representation ρ, localized in I 0 and unitarily equivalent to π, see [22, 25] . The restriction to A 0 of a representation ρ localized in some I 0 ∈ I 0 is called a DHR endomorphism and in fact yields an endomorphism of the quasi-local C * -algebra A 0 , see [43, Sect. 3] . The set of DHR endomorphisms is a semigroup (under composition) and it has a natural (DHR) unitary braiding, see [20, 22] . As usual we shall denote ǫ(ρ, σ) the unitary braiding operator associated to the DHR endomorphisms ρ and σ.
Subsystems
A conformal subsystem (or subnet) of a conformal net A is a family B = {B(I) : I ∈ I} of nontrivial von Neumann algebras acting on H A such that:
We shall use the notation B ⊂ A for conformal subsystems. Note that B is not in general a conformal net since Ω is not cyclic for the algebra B(S 1 ) := I∈I B(I), unless B = A. However one gets a conformal net B restricting the algebras B(I), I ∈ I, and of the representation U to the closure H B of B(S 1 )Ω. Since the map b ∈ B(I) → b| H B ∈ B(I) is an isomorphism for every I ∈ I, because of the Reeh-Schlieder property, as usual, we shall often use the symbol B instead of B, specifying, if necessary, when B acts on H A or on H B .
Let π be the defining representation of the conformal net B ⊂ A on the Hilbert space H A (i.e. the restriction to B of the vacuum representation of A). Because of the separability of H A , for every I 0 ∈ I we can find a representation θ on the vacuum Hilbert space H B of B, which is unitarily equivalent to π and is localized in I 0 . Then if I 0 ⊂ I ∈ I, θ I is a dual canonical endomorphism for the subfactor B(I) ⊂ A(I), namely there is a canonical endomorphism (in the sense of [41] ) for the latter whose restriction to B(I) coincides with θ I , see [44, Proposition 3.4] and [43, Sect. 3.3] .
Virasoro nets and their representations
Let Vir denote the Virasoro algebra i.e. the complex Lie algebra spanned by L n , n ∈ Z and a central element κ with relations
We shall denote L(c, h) the unique positive energy irreducible unitary representation of Vir with lowest weight h and central charge c (see e.g. [14, 30] ). The conformal Hamiltonian L 0 is diagonalizable on the corresponding Virmodule (still denoted L(c, h)) with spectrum h + N 0 and the central element κ acts as multiplication by the real number c. Positivity of the energy implies h ≥ 0 and unitarity (or hermiticity) means that there is a positive definite
for ξ, ψ ∈ L(c, h), n ∈ Z.
The above conditions give restrictions on the values of the pair (c, h). In fact either c ≥ 1 and h ≥ 0 or we have a pair (c(m), h p,q (m)), m ∈ N, where
and 
, is defined by the formal power series
For a function on S 1 , ϑ → f (e iϑ ) with finite Fourier series (trigonometric polynomial), the operator
where
belongs to Vir and hence is well defined on H f in (c, h) and leave it invariant. Also the following (formal) notation is used
The Virasoro net A (Vir,c) can be defined as in [5] as the net generated by the energy-momentum tensor T c (z) := T (c,0) (z) in the representation of lowest weight 0 on H(c, 0) =: H A (Vir,c) . First of all one can show that the map f → T c (f ) extends (uniquely) to an operator valued distribution (Wightman field) on the invariant domain C ∞ (L 0 ), the subspace of smooth vectors for L 0 . Moreover the linear energy-bounds established in [5] (also cf. [24] ) imply that for every smooth real valued function f , T c (f ) is essentially self-adjoint (on any core for L 0 ) and that e iTc(f 1 ) commutes with e iTc(f 2 ) when the real smooth functions f 1 and f 2 have disjoint supports (in fact these properties also hold in the representations with h > 0). It follows that the net of von Neumann algebras defined by
is local and in fact one can verify all the other axioms of a conformal net.
In particular the representation U of PSL(2, R) is obtained by integrating the self-adjoint part of the (complex) Lie subalgebra of Vir spanned by L −1 , L 0 , L 1 and the vacuum vector Ω is the (normalized) lowest weight vector in L(c, 0). An alternative construction is obtained by integrating the representations L(c, 0) of Vir to the corresponding projective unitary representations of Diff + (S 1 ). In fact as shown by Goodman and Wallach [24] (cf. also [53] ), for each allowed pair (c, h) there is a unique strongly continuous projective unitary representation
for every real smooth function (vector field) f on S 1 . Here exp(f ) ∈ Diff + (S 1 ) denotes the exponential of the vector field f , namely t → exp(tf ) is the unique one-parameter group of diffeomorphisms generated by f , and p : U(H(c, h)) → U(H(c, h))/T denotes the quotient map. Then the net A (Vir,c) can be defined by
The two definitions are equivalent because the group generated by the exponentials of smooth vector fields with support in I ∈ I is dense in Diff(I), see [40, Sect. V.2] . From the second one the diffeomorphism covariance of the Virasoro nets is explicit.
As a consequence of the finiteness of the (vacuum) Virasoro characters χ(t) := Tr(t L 0 ) for every t ∈ (0, 1) the Virasoro nets are split for every allowed value of the central charge. For c ≤ 1 the Virasoro nets are strongly additive [33, 55] while for c > 1 they are not [5] .
We now discuss some properties of the representation theory of the Virasoro nets that we shall need in the following. Let H(c, h) be the Hilbert space completion of Vir module L(c, h) as at the beginning of this subsection and let T (c,h) (z) be the corresponding energy-momentum tensor. A representation of A (Vir,c) on H(c, h) will be denoted π c h if for every I ∈ I and every real smooth real function f on S 1 with support in I, the following hold
It is immediate to verify that if a representation satisfying Eq. (31) exists, then it is unique. More complicate is to demonstrate the existence of such representations. Of course the vacuum representation π 
for each I ∈ I and γ ∈ Diff(I). Then it follows from the irreducibility and local normality of π that V π is irreducible. As a consequence of Theorem A.2 in the Appendix , there is on H f in π a positive energy representation R π of the Virasoro algebra with central charge c
be the corresponding energy-momentum tensor. Then, for every real smooth vector field f on S 1 , we have
It follows that if I ∈ I and the support of f is contained in I
where α I (f ) is a real constant. Now, it is fairly easy to check that there is a (necessarily unique ) distribution α such that α(f ) = α I (f ) for every I ∈ I and every real function f with support in contained in I and that Möbius covariance implies that α = 0. Hence we have the equality
which implies c ′ = c. The conclusion then follows because the representation R π of Vir is unitarily equivalent to L(c, h) for some h ≥ 0.
We conclude this subsection with the following proposition. 
for every I ∈ I and every real smooth function f with support contained in I. Moreover, this representation satisfies
Proof. The net A (Vir,c) has the split property and hence, has a consequence of [35, Proposition 56 ], π has a direct integral decomposition
where, for almost every λ, π λ is an irreducible representation of A (Vir,c) on a separable Hilbert space H(λ). Since U π (g) ∈ π(A (Vir,c) ) ′′ for each g ∈ PSL(2, R) we also have the decomposition
If h π is the lowest eigenvalue of L π 0 we have by assumption U π (r(2π)) = e 2πihπ . Hence U λ is, for almost every λ, a positive energy representation satisfying L λ 0 ≥ h π and U λ (r(2π)) = e 2πihπ . It follows that, for almost every λ, π λ is an irreducible covariant representation of A (Vir,c) with positive energy which, because of Prop. 2.1, is unitarily equivalent to π c hπ+n λ for some n λ ∈ N 0 . Now let X n = {λ ∈ X : π λ ≃ π (32) and (34) . The remaining claim in (b) then follows easily.
Local extensions
Definition 3.1. We define a local extension of a conformal net A to be a conformal net (B, U, H B ) together with a conformal subsystem C ⊂ B such that the corresponding conformal net C on H C is isomorphic to A and such that U(PSL(2, R)) ⊂ C(S 1 ).
In agreement with the notation for conformal subsystems, since A and C are isomorphic, we shall often identify A and C and accordingly we shall write A ⊂ B instead of C ⊂ B.
Condition (35) implies that C ⊂ B is a full subsystem, namely that
It prevents trivial extensions of the type A ⊂ A ⊗ C, cf. [3] . For finite index subsystems condition (35) is automatically satisfied and we don't know any example of a full conformal subsystem violating it. Note that in the literature the term "local extension" is often used in a weaker sense (see e.g. [44] ). A class of examples of local extensions is obtained by considering fix points subsystems under compact group actions. More precisely given a conformal net B and a strongly compact group G of (vacuum preserving) internal symmetries of B one can define the fixed point subsystem A ≡ B G . This kind of construction is paradigmatic in the algebraic approach to quantum field theory, see [15, 18] . If π is the identical representation of A on H B one has
whereĜ is set of equivalence classes of irreducible unitary representations of G, the π ξ are mutually inequivalent irreducible covariant representations of A (with trivial univalence) appearing with multiplicity d(ξ) equal to the dimension of the representations of G of class ξ and satisfying d(π ξ ) = d(ξ), see [18, 28, 47] and [41, I Sect. 7] . Moreover, the vacuum representation of A is associated to the trivial one dimensional representation of G and the corresponding Hilbert space H A coincides with the subspace of G-invariant vectors of H B . We denote by ∆ ≡ ∆ B the semigroup of DHR endomorphism of A 0 which are unitarily equivalent to a finite direct sum of representations π ξ , ξ ∈Ĝ. Then the (DHR) braiding on ∆ gives in fact a permutation symmetry, ∆ is a dual of G in the sense of Doplicher-Roberts duality theory [16, 17] and one can recover the local extension B by Doplicher-Roberts reconstruction theorem [18] , see [47, Prop. 3.8] for the necessary adaptations to conformal nets on S 1 . More generally, let A be a conformal net on S 1 and let ∆ be a semigroup of DHR endomorphisms of A 0 , all covariant with finite dimension. Assume that the DHR braiding on ∆ is in fact a permutation symmetry (para-Bose statistics for the endomorphisms in ∆) and that ∆ is specially directed in the sense of [16, Sect. 5] . Then Doplicher-Roberts construction provides a local extension B of A and a strongly compact group G of vacuum preserving internal symmetries of B such that A coincides with the fixed point net B G . Note that by [17, Theorem 3.4 ] (see also [18, Lemma 3.7] ) if ∆ has direct sums, subobjects and conjugates then it is specially directed.
In the following we shall use the notation B = A ⋊ ∆ for the net obtained through the above Doplicher-Roberts cross product construction.
The decomposition in Eq. (37) suggests the following generalization of the local extensions with compact group action discussed above, cf. [44, Sect. 5].
Definition 3.2. A local extension B of a conformal net A is of compact type if the corresponding representation π of
where the π i are (necessarily covariant with positive energy) mutually inequivalent irreducible subrepresentations of π with finite dimension appearing with multiplicity n i and having finite statistical dimension.
Although we did not assume in Definition 3.2 any bound on the multiplicities n i , these turn out to be finite as a consequence of the following proposition, cf. [ 
(b) The local extension B is irreducible, namely
A(I) ′ ∩ B(I) = C1, I ∈ I.(40)
(c) Every irreducible representation of A is contained in π with finite (possibly zero) multiplicity.
Proof. Let θ be a representation of A localized in I ∈ I and equivalent to π. Then for J ⊃ I, θ J is a dual canonical endomorphism for the subfactor A(J) ⊂ B(J). By assumption π is a direct sum of covariant representations with finite statistical dimension. Hence we can find isometries V i ∈ A(I), i ∈ N, with orthogonal ranges, satisfying 
Remark 3.4. If B is a local extension of compact type of a conformal net A on S 1 then it follows from Proposition 3.3 (and its proof ) that A(I) ⊂ B(I), I ∈ I is an irreducible discrete inclusion of infinite factors in the sense of [28, Definition 3.7].
We now consider the Virasoro net A 
where π 1 j 2 is the representation of A (Vir,1) with lowest weight j 2 . As a consequence d(π 1 j 2 ) = 2j + 1 for each j ∈ N [49, Corollary 6] . We can consider the permutation symmetric semigroup ∆ of DHR endomorphisms of A (Vir,1) which are localized in some I ∈ I 0 and equivalent to a finite direct sum of representations of the type π 
where σ i ∈ ∆, for each i ∈ N. Proof. The "if part" is a straightforward consequence of the fact that A SU (2) 1 is an extension of compact type of A (Vir,1) , cf. Eq. (41) . Now let B be an extension of compact type of A (Vir,1) and let π be the corresponding representation of A (Vir,1) on H B . Given a representation θ of A (Vir,1) localized in I ∈ I 0 and unitarily equivalent to π (so that if J ⊃ I, θ J is a dual canonical endomorphism for the inclusion A (Vir,1) (J) ⊂ B(J)) we deduce from Eq. (42) that θ is equivalent to (possibly infinite) direct sum of DHR endomorphisms in the permutation symmetric semigroup ∆ defined after Eq. (41) . It follows that the monodromy operator ǫ M (ρ, θ) := ǫ(ρ, θ)ǫ(θ, ρ) is trivial (i.e. equal to 1) for every ρ ∈ ∆. We now use the extension of DHR endomorphisms as defined in [44, Prop. 3.9] (cf. also [50, Sect. 3.4.7] ) and called α-induction in [2] . For every ρ ∈ ∆, the triviality of the monodromy operator ǫ M (ρ, θ) implies that its extension α ρ (we use the notation in [2] ) to B 0 is still localized in an interval in I 0 , see [44, Prop. 3.9] . Now the crucial point is that the functorial properties α-induction (called homomorphism properties in [2] ) imply that α ∆ is still a specially directed permutation symmetric semigroup of Möbius covariant (bosonic) DHR endomorphisms of B 0 . These functorial properties have been established in [11, 12] for inclusions of local nets on the four dimensional Minkowski spacetime and in [2] for finite index nets of subfactor on the real line.
Due to the triviality of the monodromy (which is automatic in four spacetime dimensions) one can use the arguments in [11, 12] (see also [9, Sect. 2] for an overview) to get the desired structure on α ∆ . Hence, as recalled at the beginning of this section, we can use the Doplicher-Roberts cross product construction to define a local extension B ⋊ α ∆ of the conformal net B.
The next point is that the proof of [12, Theorem 3.5] can be adapted to our situation to show that there is a natural inclusion (up to isomorphism) with A (Vir,1) ⊂ B ) and in fact it turns out that B ⋊ α ∆ is a local extension of A SU(2) 1 . But the latter conformal net has no proper local extensions (see e.g. [3] and [33] ) and hence we conclude that B ⋊ α ∆ = A SU(2) 1 . Accordingly B = A H SU (2) 1 for some closed subgroup H of SO (3) as claimed.
The above proof relies on specific properties of the representation category net A (Vir,1) , namely on the fact that the subcategory of representations with finite statistical dimension (and trivial univalence) is permutation symmetric, a fact that appears to be rather exceptional for conformal nets on S 1 . However in the case of local nets on the four dimensional space-time similar ideas have been used by the author and R. Conti to study local extensions in a fairly general context [10] . As matter of fact the above mentioned investigation in [10] inspired our proof of Theorem 3.5.
Coming back conformal nets on S 1 we remark that there are well known local extensions of the Virasoro net with c = 1 which are not conformal subsystems of A SU (2) From the previous discussion we can conclude that a local extension of the c = 1 Virasoro net satisfies Xu's spectrum condition if and only if it is not maximally non-compact. No examples of maximally non-compact extensions of this net seem to be known. We shall however exhibit in Section 5 various examples of maximally non-compact extensions for the Virasoro nets with c > 1.
We conclude this section with the following proposition. 
which proves (a). Now let I be a given interval in I and let γ ∈ Diff + (S 1 ) be such that γI = I. Since γ preserves the orientation it must keep fixed the boundary points of I. An elementary argument (which we omit here) then shows that for every J ∈ I containing the closure of I we can find a diffeomorphism γ J ∈ Diff(J) with γ
and hence V (γ)B(I)V (γ) * ⊂ B(J), for every J ∈ I containing the closure of I. Thus, being conformal nets continuous from outside, we conclude that V (γ)B(I)V (γ) * ⊂ B(I). If γ is arbitrary we can always find a g ∈ PSL(2, R) such that gI = γI. It follows that
and hence, for every I ∈ I, γ ∈ Diff + (S 1 ), we have
and also (b) is proved. 
Arguing as in the proof of Prop. 2.1 it can be shown that the conformal net C on S 1 is isomorphic to A (Vir,c) for some c ∈ D ∪ [1, ∞). It follows that the correspondence between diffeomorphism covariant nets on S 1 and local extensions of the Virasoro nets is one-to-one, cf. [33] . 4 On the oscillator representations of the Virasoro nets with c > 1
) be the conformal net generated by the U(1) chiral current algebra, see [3, 5] . The Hilbert space H U(1) and the net A U(1) can be identified with the Fock space e H 1 , where H 1 is acted on by the irreducible representation of PSL(2, R) of lowest weight 1, and with the corresponding second quantization net respectively [26] .
We denote H f in U(1) the dense subspace of finite energy vectors, i.e. the algebraic direct sum of the L 0 eigenspaces. Then H f in U(1) carries the unique irreducible lowest weight representation of the oscillator (Heisenberg) algebra
with lowest weight q = 0, see [3] and [30, Sect. 2.2]. The corresponding lowest weight vector is the vacuum vector Ω and for ξ, ψ ∈ H f in
(hermiticity). Note that defining J q n := J n , J q 0 = q1 we obtain a unitary representation of the oscillator algebra with arbitrary lowest weight q ∈ R.
The U(1) current J(z), z = e iϑ ∈ S 1 is defined as an operator valued distribution by
and the common invariant domain for the smeared field operators
can be chosen to be the subspace C ∞ (L 0 ) of smooth vectors for L 0 . For a real function u ∈ C ∞ (S 1 ), J(u) is essentially self-adjoint and the unitary operators W (u) := e iJ(u) with u ∈ C ∞ (S 1 ) real, supp u ⊂ I generate A U(1) (I) for every I ∈ I. Moreover the Weyl relations hold:
for real smooth functions u, v, where u ′ (z) denotes the derivative
u(e iϑ ). As shown in [3] (see also [4] ) for every q ∈ R there is a covariant irreducible representation of A U(1) (BMT-automorphism) γ q on H U(1) such that
for I ∈ I, u ∈ C ∞ (S 1 ) with support in I. Here the field J q (z) is defined by
γ q 1 and γ q 2 are inequivalent if q 1 = q 2 . Moreover, if ϕ is a real smooth function such that −iϕ
and hence γ q is locally implementable by Weyl unitaries. In fact Eq. (51) can be used to define the representation γ q . Note that γ 0 is the vacuum representation of A U (1) and that for every I ∈ I, we have
We now come to the oscillator representations of the Virasoro algebra. For λ, q ∈ R, n ∈ Z the operators
where the colons denote normal ordering, define a positive energy unitary representation R(λ, q) of the Virasoro algebra on H 
and hence Ω is a lowest energy vector for these representations with energy (λ 2 + q 2 )/2. We associate to the above representations the energy-momentum tensors
Then the following holds (see [21, Remark 4.2] )
and hence, recalling that J q (z) = J(z) + qz −1 ,
For f ∈ C ∞ (S 1 ) the smeared field operator
is well defined on the domain C ∞ (L 0 ) and leave it globally invariant. Moreover we see from Eq. (56) that the field T (λ,q) (z) is local with respect to J(z) in the sense that if f, u ∈ C ∞ (S 1 ) have disjoint supports the operators T (λ,q) (f ) and J(u) commute on C ∞ (L 0 ) and that T (λ,q) (f ) is hermitian if f is a real function. Finally, it follows from [5, Sect. 2] (cf. also [24] ) that T (λ,q) (f ) is essentially self-adjoint for each real valued smooth function f and that in this case e iT (λ,q) (f ) commutes with W (u) if the support of the real function u is disjoint from the one of f .
We now define an isotonous net B (λ,q) on H U(1) by
for I ∈ I. As a consequence of the above discussion and of Haag duality for A U(1) we obtain the following proposition.
Proposition 4.1. For every I ∈ I we have
The net B (λ,q) so defined it is not in general a conformal subsystem of A U (1) . And in fact it can be shown that B 
We shall need the following two lemmata.
Lemma 4.2. For every pair (λ, q) ∈ R 2 and every I ∈ I the following holds:
Proof. Let ϕ, f ∈ C ∞ (S 1 ) be real functions such that −iϕ ′ (z) = z −1 q for z ∈ I and suppf ⊂ I. For ξ, ψ ∈ H f in
Since H f in is a common core for T (λ,0) (f ) and T (λ,q) (f ) it follows that
and hence, recalling Eq. (51)
cf. Proof. The character χ (λ,q) (t), t ∈ (0, 1) of the representation R(λ, q) is given by
and hence the conclusion follows since, by [30, Eq. (3.15) 
We shall need the following proposition in the next section. Proof. The assumption on the range of c and h implies that we can find λ = 0 and q ∈ R such that c = 1 + 12λ 2 and h = (λ 2 + q 2 )/2. Then it follows from Corollary 4. ,q) ) and we have to show that the latter does not depend on q.
By Eq. (16) and Corollary 4.4 we find
From Proposition 4.1 and Haag duality for A U(1) it follows that
and hence, using the multiplicativity of the minimal index [42] (cf. the proof
Now, using Lemma 4.2 and Eq. (52) we find, for an arbitrary J ∈ I,
and hence
does not depend on q.
Finally if d(c) = 1 then, for every I ∈ I, π (λ,q) (A (Vir,c) (I)) = A U(1) (I) which is impossible since A U(1) is strongly additive (see [5, 26] ) while A (Vir,c) it is not.
5 Sectors with infinite dimension and maximally non-compact local extensions.
, 1) be the set of allowed values of the central charge in the discrete series representations of Vir as defined in Subsect. 2.4 and let c ∈ Now let G be a simply connected compact Lie group with simple Lie algebra Lie(G) and let k be a positive integer. We denote by A G k the conformal net associated to the vacuum representation of the corresponding Loop group (or affine Lie algebra) at level k (see [22, 49, 52, 54] 
where r is the rank of Lie(G) and the lower bound is saturated only for a simply laced Lie algebras at level k = 1. Note that c(G k ) < 2 implies that r = 1 and thus that G = SU (2) . In the latter case we have c(SU(2
The remaining possibilities are c(SU(2) 1 ) = 1, c(SU(2) 2 ) = 1 + 1/2 and c(SU(2) 3 ) = 1 + 4/5. We summarize the above discussion in the following lemma.
Recall that there is a strongly continuous representation of G in the (unitary) group of internal symmetries of A G k leaving the vacuum invariant. This representation is not in general faithful and its kernel coincides with the (finite) center Z(G) of G. It is known that the fixed point net A
see [49] . In particular, being G/Z(G) infinite, the index [A G k : A (Vir,c) ] is infinite. It can also be proved using [55, Theorem 2.4] and the fact that A (Vir,c) is not strongly additive when c > 1.
The next result shows that maximally non-compact local extensions naturally appear for the Virasoro nets c > 1. 
A Appendix
In this appendix we give a differentiability result for the representations of Diff + (S 1 ) which is used in the proof of Prop. 2.1. This result as been essentially obtained by T. Loke [40] (cf. also [54] for analogous results for loop groups) and here we consider the necessary modifications we need in this paper. We shall closely follow the discussion in [40, Chap. I ].
An element of the group Mob of Möbius transformations of S 1 is given by a map z → 
Moreover he proved that the operators L 0 , L n := iY n − X n and L −n := iY n + X n , n ∈ N define a unitary representation of Vir on H f in and that the corresponding energy-momentum tensor
extends to an operator valued distribution on the subspace of smooth L 0 vectors such that T (f ) is essentially self-adjoint on H f in for each f ∈ Vect(S 1 ) and satisfies p(e iT (f ) ) = V (exp(f )).
The finite dimensionality of the L 0 eigenspace is used in [40] to infer that for each n ∈ N, the representation U n is a direct sum of positive energy representations of PSL(2, R) and that D n ⊂ H f in . However these facts hold for every positive energy representation V , as a consequence of the proposition below (applied to each representation U n ) and hence the results of Loke described above hold (without any essential modification in the proofs) also if the finite dimensionality of the eigenspaces of L 0 is not assumed. Moreover the representation of Vir on H f in so obtained can be seen to be irreducible (and hence unitarily equivalent to some L(c, h), cf. 
